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1.0 INTRODUCTION 

1.1 WHAT IS A GRAY CODE 

A Gray Code is an encoding of integers as sequences of bits with the property that the 

representations of adjacent integers differ in exactly one binary position.  A N-bit Gray Code is a 

circular list of 2n N-bit binary numbers ordered in such a way that each binary number differs 

from its neighbor by exactly 1 bit (hamming distance = 1) [1]. 

 

1.2 HISTORY OF GRAY CODES 

The history of Gray Codes is varied. Officially the codes were invented by a French 

telecommunications pioneer named Emile Baudot for use in a telegraph device (circa 1878). 

However, they were not given their name until March 1953 when Frank Gray, a physicist and 

researcher at Bell Labs, was granted US Patent 2,632,058 for PULSE CODE COMMUNICATIONS 

[1]. 

Although the codes are being used in modern times for communications algorithms, their 

history appears to have started several centuries ago. In 1550 the codes were mentioned by an 

Italian mathematician named Cardan as the solution to the Chinese Ring Puzzle (also known as 

/ŀǊŘŀƴΩǎ ǊƛƴƎǎύ [6]. The puzzle has been known in China since at least the 3rd century AD.  

The Reflected Binary Gray Code is closely related to the solutions of the Towers of Hanoi as well 

as Baguenaudier  [7]. 
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2.0 GRAY CODES ς A CLOSER LOOK 

 

2.1 TYPES OF GRAY CODES 

The first section of this document discussed a specific type of Gray Code called the Binary 

Reflected Gray Code. Although this type of code is vastly superior in communications protocols 

(as compared to natural binary sequences), it is not the optimal code for use as output for 

mechanical actuators. For these types of devices, it is preferred to have a coding system that 

provides more uniformity. Two measures of uniformity are the transition counts and the gap of 

the code [8]. Balanced codes are beneficial to mechanical devices, without them uneven wear 

would occur on the moving parts for a specific bit position. 

 

Figure 1 - Comparison of 3 types of binary codes 

 

The above table shows the first 16 codes for Natural Binary, Binary Reflected Gray Codes and 

Balanced Gray Codes. We can determine the transition counts by examining the number of runs 

in a specific bit position. We consider the code to be Totally Balanced if for any two bit 

positions i and j, the transition count TC(i) = TC(j) [8]. 

In the above example, the Natural Binary gives the worst performance with the least significant 

bit (LSB) changing with each subsequent code for a total of 16 runs. Compare this to the most 

significant bit (MSB) which only has 2 runs. The BRGC is better however it is still not optimal, 

especially with the MSB. The Balanced Code gives the best results with 4 runs per bit position.  
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It is possible for some types of Gray codes to exhibit certain properties but only with specific bit 

lengths. An example of this is the fact that the BRGC is totally balanced for codes of bit-lengths 

1,2,3 but unbalanced for lengths җ пΦ 

One of the open problems is determining if Balanced Gray Codes exist for all bit lengths. 

More types of Gray Codes: 

 Maximum Gap Gray CƻŘŜǎ ƘŀǾŜ ǘƘŜ ǎƘƻǊǘŜǎǘ ƳŀȄƛƳŀƭ ŎƻƴǎŜŎǳǘƛǾŜ ǎŜǉǳŜƴŎŜ ƻŦ лΩǎ ƻǊ мΩǎ 

among all bit positions [4].  

 Non-composite n-bit Gray Codes requires that no contiguous subsequence correspond 

to a path in any k-cube for 2 Җ ƪ Җ ƴ [4]. 

 !ƴǘƛǇƻŘŀƭ DǊŀȅ /ƻŘŜǎ ƘŀǾŜ ǘƘŜ ŀŘŘŜŘ ǊŜǉǳƛǊŜƳŜƴǘ ǘƘŀǘ ŀƴȅ ƛǘŜƳΩǎ ōƛƴŀǊȅ ŎƻƳǇƭŜƳŜƴǘ 

must appear exactly n steps away in the list [5]. 
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2.2 ATTRIBUTES OF THE REFLECTED BINARY GRAY CODE 

A useful attribute of Gray Codes is called Position Absolute. Unlike some codes which simply 

indicate state changes (for example: a steady stream of 010101), the GC when used in 

mechanical encoders provides an absolute position that directly corresponds to the physical 

phenomena being measured. 

The following table shows the Binary Reflected Gray Code table for 24 integers. The N refers to 

the integer representation and the K is index of the bits [2].  

 

Figure 2 - Gray Codes for 4-bit Integers 

 

The table above shows that not only do we have a hamming distance of 1 between adjacent 

integer representations; we also maintain adjacency between the first and last entries in the 

table. This property is especially useful in mechanical encoders where the 2n N-bit codes appear 

to be an infinite periodic sequence.  

The X represents the bit that will change to give us the next Gray Code. For values of N starting 

at 0, we see the periodic sequence of 01020103. Knowing that our table is a circular list and the 

adjacency property holds between consecutive entries, including the last and first entries, if we 

are given the value of some-integer called i and p = 2n-bits , we should be able to determine the 

Gray Code for i+1; by first computing i = i mod p and then examining the ith index of the square 

of our sequence. The index will tell us which bit to change to compute the value of i+1. 
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The k-th bit in the Binary Reflected Gray Code representation of an integer is the exclusive OR 

of the k-th and (k+1) bits in the binary representation of the same integer. This relationship will 

be discussed further in Section 2.3.3 of this paper [2]. 

 

2.3 ALGORITHMS OF GRAY CODES 

The following sections will describe various methods of computing Reflected Binary Gray Codes. 

 

2.3.1 COMPUTING FOR ARBITRARY VALUES OF N 

This section describes how to generate a table of N-length Reflected Binary Gray Codes from a 

starting point that contains no initial codes. The total number of codes that will be generated is 

2n. 

1. {ǘŀǊǘ ǿƛǘƘ ŀƭƭ лΩǎ ŦƻǊ ŀ ǘƻǘŀƭ ǿƻǊŘ ƭŜƴƎǘƘ ƻŦ b  

2. Change the least significant bit that generates a unique code. This step involves 

changing the LSB (right-most bit) and performing a search on the existing codes to see if 

the newly form code already exists in our table. If the code was not unique, restore the 

value of that bit to its previous value and move to the next bit to the left. We repeat the 

Ψbit-change and searchΩ until a unique code is found. 

3. Repeat step 2 until we have generated 2n codes. 

This algorithm will search the table for unique codes up to 2n times for each of the 2n codes 

giving us a computing complexity of O(22n). 
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2.3.2 COMPUTING VIA THE REFLECTED METHOD 

This section describes how to easily generate a N+1 bit table of Gray Codes given an initial 

starting position of N-bit codes.   

Expanding the table to N+1: 

Starting point: The most basic Gray Codes are those with N=1. In this simple case there are 

only 2 possible codes (2n = 21 = 2). The 2 codes are: 0,1 

N=1, =21, =2 
0 
1 

 
 

Step 1: To create N+1 codes, we take the original N codes and append them to our table in 

reverse order giving us the following table: 

N=N+1, =22, =4 
0 
1 
1 
0 

 

Step 2: The next step is to prefix the original table entries with a 0 and prefix the newly 

added entries with a 1. This gives us the final table of: 

N=2, =22, =4 
00 
01 
11 
10 
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Collapsing the table to N-1: 

Given a table of Gray Codes of length N, we can compute a new table of N-1 by the following 

steps: 

Starting point: Given N=2 which equal 22 entries: 

N=2, =22, = 4 
00 
01 
11 
10 

 
 

Step 1: Compute N-1 which is 21 entries: 

Adjust the table size pointer to 2N-1 which in effect removes the 2nd half of the existing 

entries leaving us with the following: 

N=N-1, =22-1, =21, =2 
00 
01 

 
 

Step 2: For each entry in our table, remove the leading digit which will always be a zero. 

This gives us the following final 2N-1 table: 

N=1, =21, =2 
0 
1 
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Make-Gray Software: 

A piece of Microsoft Windows software has been created that demonstrates how to use the 

reflected method to generate a table of Gray Codes for arbitrary values of N.  Clicking on the 

Left or Right arrows  causes the software to change the number of bits of the Gray 

Code and forces a regeneration of the table. The stub is the N-1 codes used as a basis for 

generating the new N-length codes. 

 

Figure 3 - Screen shot of Make-Gray software 

 

All software mentioned in this paper can be downloaded from the following website: 

http://hamster.foxhollow.ca/GrayCodes 

  

http://hamster.foxhollow.ca/GrayCodes
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2.3.3 CONVERTING NATURAL TO GRAY CODES 

It is possible to convert the Natural Binary representation of some integer into the Reflected 

Binary Gray Code representation of that same integer. The kth bit in the Gray Code 

representation is the exclusive OR (XOR) of the kth and (k+1)th bits in the Natural Binary 

representation of the same integer. 

The XOR function states that if the two input values are the same, the output is 0, otherwise 

the output is 1.  

 
Figure 4 - XOR truth table 

 

Converting Natural Binary to Gray Code: 

 

 Assume:  
 NB is the integer in Natural Binary representation 
 GC is the integer in Gray Code representation 
 
 Starting Point:  
 Initialize the Gray Code to the value of the Natural Binary;  
 GC = BN 
 

 LOOP through the bits: 
  For i=n-1 down to i=0 
   { 
   GCi = NBi+1 XOR NBi 
   } 
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Converting Gray Code to Natural Binary: 

 

 Assume:  
 NB is the integer in Natural Binary representation 
 GC is the integer in Gray Code representation 
 
 Starting Point:  
 Initialize the Natural Binary to the value of the Gray Code;  
 BN = GC 
 

 LOOP through the bits: 
  For i=n-1 down to i=0 
   { 
   NBi = NBi+1 XOR GCi 
   } 
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3.0 APPLICATIONS OF GRAY CODES 

 

3.1 INTRODUCTION 

Gray Codes have many practical applications that go beyond research interests. As mentioned 

earlier in this paper, many puzzles use a form of Gray Codes as a method of deriving a solution. 

Other uses include circuit testing, signal encoding, ordering of documents on shelves, data 

compression, statistics, graphics and image processing, processor allocation in the hypercube, 

hashing, information storage and retrieval [4].  Gray Codes are also useful for Robotic and other 

mechanical encoding. 

The remainder of this section will describe an experiment that uses a flat disk with a special 

pattern printed on the disk that produces a Gray Code sequence when rotated. 

 

3.2 ROTARY ENCODER ς GRAY CODE DEMONSTRATION 

The purpose of this experiment is to show how a mechanical device can be constructed that 

contains a sensor network that gives Gray Codes as the result when queried. 

 

Figure 5 - Completed Experiment Platform 
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The major components of the experiment include: 

1. Sensor Pedestal 

2. System Controller Interface 

3. Host Processor Software 

 

3.2.1 THE SENSOR PEDESTAL 

The role of the Sensor Pedestal is to simulate the functions of a mechanical rotary encoder. The 

otherwise clear plastic disk has a special pattern printed on the surface that blocks light. If a 

number of sensors are arranged in the appropriate positions, the presence or absence of light 

represents a specific Gray Code. 

 

 

Figure 6 - Sensor Pedestal with interfacing circuitry 

 

The Sensor Pedestal contains 2 circuit boards that together form the Sensor Pod. One of the 

boards contains a group of light sensitive devices called cadmium-sulfide (CdS) cells; their 

electrical properties change when illuminated. The 2nd board contains a group of light emitting 

diodes (LEDs) that are lit in a specific sequence under the control of the System Controller 
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Interface. The boards are installed on opposing sides of the horizontal support of the Sensor 

Pedestal with the rotary disk forming a visible-light barrier between the 2 boards. 

 

 

Figure 7 - Sensor Pod Internals 

 

.Ŝƭƻǿ ƛǎ ŀ ǇƛŎǘǳǊŜ ƻŦ ǘƘŜ ǇŀǘǘŜǊƴ ǇǊƛƴǘŜŘ ƻƴ ǘƘŜ ǊƻǘŀǊȅ ŘƛǎƪΦ ¢ƘŜ лΩǎ ŀƴŘ мΩǎ ǎƘƻǿ Ƙƻǿ ǘƘŜ ŘŀǊƪ 

and light areas represent specific bit values. The numbers are not printed on the rotary disk. 

 

Figure 8 - Layout of the rotary disk pattern 
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3.2.2 SYSTEM CONTROLLER INTERFACE 

The System Controller Interface was built using a EasyPIC v4 prototyping board from 

mikroElektronika (http://www.mikroe.com/en/tools/easypic4). The microcontroller chosen to 

control and process the data was the 16F877a from Microchip Inc (http://www.microchip.com). 

The microcontroller firmware was written using the MikroC compiler also from 

mikroElektronika (http://www.mikroe.com/en/compilers/mikroc/pic). 

 

The System Controller Interface has several functions.  They include: 

 Sequencing the LEDs 

 Measuring the electrical properties of the CdS cells 

 Converting the measured impulses into a binary code 

 Packaging the results into a datagram 

 Reliably transmitting the data to the host processor 

 

 

Figure 9 - EasyPIC v4 prototyping system 

http://www.microchip.com/
http://www.mikroe.com/en/compilers/mikroc/pic


 15 

3.2.3 HOST PROCESSOR SOFTWARE 

The purpose of the Host Processor Software is to visually present the data arriving from our 

sensors. It communicates with the System Controller Interface to receive the sensor telemetry, 

calculates the validity of the data and displays a status message to communicate the physical 

phenomena that is occurring with the rotary disk on the Sensor Pedestal. 

 

Figure 10 - Host Processor Software 

Above is a screenshot of the software. Different portions of the screen have very specific 

functions.   

3-Bit Decoder Wheel: 

The purpose of this quadrant is to visually present the flow of data through the software. 

The Current box shows the value of the latest code to arrive from the System Controller 

Interface. The Previous box shows the previous code. Together these are used to determine 

direction of travel of the disk. The Next box is predicting the two possible values for the next 

code. 
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Heuristics: 

This quadrant shows the results of two heuristics that are calculated upon the arrival of 

every code. The H1 heuristic performs a hamming distance calculation on the latest code 

and the previous code. The result of this calculation must be 1 for this heuristic to display a 

PASS. The H2 heuristic performs a table lookup to determine if the latest code is adjacent to 

the previous code. If both of these heuristics passes their tests, the current code is 

considered valid otherwise an error message is displayed. Errors can occur if there is a 

communications error, sensor failure or damage/corruption to the rotary disk. Based on the 

previous and current values of the codes, direction of travel can be determined. Although 

not calculated, speed of travel is also possible if the arrival rate of the codes is measured. 

Bitstream Data: 

This quadrant is used as a data monitor to display the telemetry as it arrives. The Valid 

Codes table is purely cosmetic to refresh the users memory on what are the valid codes. 

Data Generator: 

This quadrant shows which communications interface on the host computer is being 

monitored for sensor data. When a System Interface Controller is not available, the 

program can generate fast or slow simulated data which is useful in demonstrating the 

concepts without a fully operational system. 

Sliding Bar: 

The sliding bar at the bottom of the screen demonstrates the Position Absolute attribute of 

a Gray Code. The position of the bar is directly related to the rotational position of the 

rotary disk. It does not require an alignment procedure upon power-up. It always calculates 

the proper positional values without prior knowledge of the status of the system. 
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4.0 CONCLUSIONS 

 

The study of Gray Codes has resurfaced an ancient mathematical sequence that has proven 

useful in modern times. Variations of Gray Codes are being used to solve many problems in our 

physical world.  

However, further research is required in the study of Gray Codes, especially in the ability to find 

and compute specific types of Gray Codes. 
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5.3 CS-860 GRAY CODE REPORT WEB-SITE 

 
A web-site has been created to archive a copy of this report as well as all software used in the 

Gray Code Encoder Experiment. 

 

 

Figure 11 - Screen shot of Web-Site 

 

http://hamster.foxhollow.ca/GrayCodes 

 

http://hamster.foxhollow.ca/GrayCodes

